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Abstract 



Given an open bounded domain Q C R 2m with smooth boundary, we 
consider a sequence (iik)k£N of positive smooth solutions to 

f {-A) m u k = \ h u h e m < inO 
\ u h = d v u h = . . . = d^^uu = on 90, 

where \ k — > + . Assuming that the sequence is bounded in Hq 1 ^), 
we study its concentration-compactness behavior. We show that if the 
sequence is not precompact, then 

liminf ||ufe|||fm :=liminf / u k (— A) m Ukdx > Ai, 

fe — *oc k — >oo Jq 

where Ai = (2m - l)!vol(S 2m ) is the total Q-curvature of S 2m . 

1 Introduction and statement of the main result 

Let il C M 2m be open, bounded and with smooth boundary, and let a sequence 
Afc — » + be given. Consider a sequence (uk)keti of smooth solutions to 

(-A) m u k = X k u k e m < in 

u k > in ft (1) 

u k = d v u k = ... = d™~ x u k = on dtt. 

Assume also that 

u k (-A) m u k dx = A fe f u\e mu *dx — A > as k -> oo. (2) 
a Jn 

In this paper we shall prove 
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Theorem 1 Let (u k ) be a sequence of solutions to ([T]), Then either 
(i) A = and u k -> in C 2 " 1 - 1 '"^)^ or 

(zi^ We have sup^ Ufc — > oo as k — > oo. Moreover there exists I 6 N\{0} swc/i 
i/iai A > /Ai, where Ai := (2m — l)!vol(S' 2 ™ 1 ), and to a subsequence there are 
I converging sequences of points Xi tk — ► i'') and of positive numbers r^k —* 0, 
i/ie latter defined by 

X k r^ut(x i!k )e mu ^ x ^ = 2 2m (2m - 1)!, (3) 
smc/i £/iai i/ie following is true: 
1. If we define 

Vi,k(x) := u k (x iik ){u k (x iik + r i>k x) - u k (x itk )) + log2 
/or 1 < i < J, i/ien 

rhMx)^ m (x) = io eT -^ m^rHR 2 " 1 ) (k-oo). (4) 



For every \ <i^=j<Iwe have ^ x '' k r ^ J,fc — > oo as fc — > cxd. 
5. Sei R k (x) := infi<i</ |x — a^fcj. TTien 

A#(*) U 2 (x)e"»<^ < C, (5) 
where C does not depend on x or k. 
Finally u k in H m (Q) and u k -v m C7^ _1 ' a (n\{afW, . . . , JC (J) }). 

Solutions to ([1]) arise from the Adams- Moser-Trudinger inequality |Adaj : 

sup -f-e mu dx — c (m) < +oo, (6) 



ue_ff m (O) : ||n||^ j?l <A. $) 



where co(m) is a dimensional constant, and H™(Cl) is the Beppo-Lcvi defined 
as the completion of C£°(ft) with respect to the norrrd 



u||fl» := ||A*«|| £a = ( / \A^u\ 2 dx) , (7) 

o 



and we used the following notation: 

A — — / A n u eM if m = 2n is even, , , 

\ VA"ti e M 2m if m = 2n + 1 is odd. ( ' 

In fact |T]) is the Euler-Lagrange equation of the functional 

F(u) :=- f \A^u\ 2 dx~— f e mu2 dx 
2 Jn 2m Jn 



Here and in the following a G [0, 1) is an arbitrary Holder exponent. 

2 The norm in J7} is equivalent to the usual Sobolev norm ||u||H m := (E^Lo I^ u IIl 2 ) 2 > 
thanks to elliptic estimates. 
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(where A = A^ plays the role of a Lagrange multiplier), which is well defined 
and smooth thanks to ©, but does not satisfy the Palais-Smale condition. For 
a more detailed discussion, in the context of Orlicz spaces, we refer to [Strlj . 

The function t/q which appears in ([4]) is a solution of the higher-order Liou- 
ville's equation 

(-A) m r?o = (2m-l)!e 2ro " , onl 2m . (9) 

We recall (see e.g. jMarlj ) that if u solves {-A) m u = Ve 2mu on M 2m , then 
the conformal metric g u :— e 2u g R 2 m has Q-curvature V, where g^2 m denotes the 
Euclidean metric. This shows a surprising relation between Equation (JTJ) and 
the problem of prescribing the Q-curvature. In fact rjo has also a remarkable 
geometric interpretation: If tt : S 2m — + M. 2m is the stereographic projection, 
then 

e 2 "« ffR2m = (Tr" 1 )*^, (10) 
where gs 2m is the round metric on S 2m . Then (fT0|) implies 

(2m - 1)! / e 2mVo dx = [ Qs^dvol g = (2m - l)l\S 2m \ = A x . (11) 

This is the reason why A > IAi in case (ii) of Theorem Q] above, compare 
Proposition [7] 

Theorem[T]have been proved by Adimurthi and M. Struwe |ASj and Adimurthi 
and O. Druet |AD] in the case m = 1, and by F. Robert and M. Struwe |RS| 
for m = 2, and we refer to them for further motivations and references. Here, 
instead, we want to point out the main ingredients of our approach. Crucial 
to the proof of Theorem [T] are the gradient estimates in Lemma [H] and the 
blow-up procedure of Proposition [7] For the latter, we rely on a concentration- 
compactness result from |Mar2j and a classification result from [Marl] , which 
imply, together with the gradient estimates, that at the finitely many concen- 
tration points {x^\ . . . ,x^}, the profile of Uk is 770 , hence an energy not less 
that Ai accumulates, namely 

lim limsup / XkU^e^^dx > Ai, for every 1 < i < I. 

As for the gradient estimates, if one uses (QJ and ^ to infer ||A m Ufc|| L i(f2) < C, 
then elliptic regularity gives || V £ Ufc|| i p(o) < C(p) for every p e [1, 2m/ 1). These 
bounds, though, turn out to be too weak for Lemma[H](see also the remark after 
Lemma[5]). One has, instead, to fully exploit the integrability of A m Uk given by 
{2]), namely || A m u fc || i(logi) i/2 (n) < C, where ^(logL) 1 / 2 C L 1 is the Zygmund 
space. Then an interpolation result from BSJ gives uniform estimates for V Uk 
in the Lorentz space jj- 2m ^^ (Q), 1 < £ < 2m — 1, which are sharp for our 
purposes (see Lemma [S]). 

We remark that when m = 1, things simplify dramatically, as we can simply 
integrate by parts ^ and get 

l|Vufe|| L (2.2 )(0) = HVufeHz^n) < C. 

In the case m = 2, F. Robert and M. Struwe [RSj proved a slightly weaker form of 
our Lemma|B]by using subtle estimates in the BMO space, whose generalization 
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to arbitrary dimensions appears quite challenging. Our approach, on the other 
hand, is simpler and more transparent. 

Recently O. Druet [Druj for the case m = 1, and M. Struwe [Str2] for m = 2 
improved the previous results by showing that in case (ii) of Theorem[T]we have 
A = LAi for some positive L G N. 

In the following, the letter C denotes a generic positive constant, which may 
change from line to line and even within the same line. 

I'm grateful to Prof. Michael Struwe for many useful discussions. 



2 Proof of Theorem [T] 

Assume first that sup^ u k < C . Then A m u k — > uniformly, since X k — > 0. By 
elliptic estimates we infer u k — > in W 2m ' p (Q) for every 1 < p < oo, hence 
Uk — > in C 2m ~ 1,a (CI), A = and we are in case (i) of Theorem [T] 

From now on, following the approach of |RSj . we assume that, up to a 
subsequence, sup fi u k — > oo and show that we are in case (ii) of the theorem. In 
Section [2. II we analyze the asymptotic profile at blow-up points. In Section [2.21 
we sketch the inductive procedure which completes the proof. 



2.1 Analysis of the first blow-up 

Let Xk = %i,k G CI be a point such that Uk(xk) — maxji u k , and let r k — rx >k be 
as in (J3J). Integrating by parts in we find || A^Uk\\L 2 ((i) < C which, together 
with the boundary condition and elliptic estimates (see e.g. |ADNj ). gives 

\\uk\\H">(n) <C. (12) 

Lemma 2 We have 

dist(x k , dCl) 
lira = +oo. 

k — >oo Tfo 

Proof. Set 

_ f s u k (r k x + x k ) x p.1 

u k (x) := — t for x G Cl k := -jr. {x - x k ) : x £ S2}. 

Ufc(zfc) 

Then satisfies 

(-A)»u fc = 22m( 2 2 7~ 1)! ^e^^)^- 1 ) in 

ttfc > in fifc 

u k = d v u k = ... = dl l ~ x u k = on dCl k . 

Assume for the sake of contradiction that up to a subsequence we have 

dist(x k , dCl) 
hm = Rq < +00. 

k^oo r k 

Then, passing to a further subsequence, Clk — > "P, where "P is a half-space. Since 

C 

||A m u fc ||L°°(o fc ) < 2 , r -> asfc^oc, 
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we see that, up to a subsequence, u k — > u in C lo ™ where 

«(0)=« fc (0) = 1 

and 

(-A) ro u = in V 

u = d v ll = ... = d^u = on dV. 

By (H2J) and the Sobolev imbedding H m ~ 1 (Q) L 2m (fi), we find 



IV^I 2 ™^ = . \. / IVufcl 2 " 1 ^ < . C ._ 0, as fc oo. 



n.. 



u k (x k ) 2m Jn u k (x k ) 2m 



Then Vu = 0, hence u = const = thanks to the boundary condition. That 
contradicts u(Q) = 1 . □ 

Lemma 3 We have 

Uk{x k + r k x) - u k {x k ) -► m C 2 ™- 1 ^ 2 " 1 ) as k -> oo. (13) 

Proof. Set 

Ufc(a;) := Wfc(x fc + r k x) - u k (x k ), x G tt k 

Then v k solves 

(-A) m v k = 2 2m (2m - l)\^L e rnul{x h ){ul-l) < 2 2m (2Tt -l)! ^ Q _ (w) 

u k {x k ) u k (x k ) 

Assume that m > 1. By (JI2J) and the Sobolev embedding iT™- 2 (f7) L m (ft), 
we get 

l|V 2 « fc || Lm( o fc) = ||V 2 u fe |Um (n) < C. (15) 

Fix now R > and write v k — h k + w k on i?^ = 5r(0), where A m h k = and 
u>fc satisfies the Navier-boundary condition on Br. Then, p4[) gives 

Wfe ^0 inC 2 ™- 1 -"^). (16) 
This, together with (|T5f implies 

[|Aft fc |U»W < C. (17) 
Then, since A m_1 (Aft,fe) = 0, we get from Proposition fT^l 

\\Ah k \\ cHBR/2) < C(£) for every i G N. (18) 
By Pizzetti's formula (|l5|) . 

m — 1 



//ft — _i_ 
& fc dx = ft fc (0) + c^ 2j A l /i fe (0), 



and (fT5|) . together with |/ife(0)| = |wfc(0)| < C and h k < —w k < C, we find 



\h k \dx < C. 

Br 
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Again by Proposition Q2] it follows that 

\\h k \\c'(B R/2 ) < C{£) for every leM. (19) 
By Ascoli-Arzela's theorem, (fT6| and (fl9|) . we have that up to a subsequence 

where A m i; = thanks to (fT4")) . We can now apply the above procedure with 
a sequence of radii R k — > oo, extract a diagonal subsequence (vy), and find a 
function v G C°°(]R 2m ) such that 

v<0, A m v = 0, vy^v in C 1 ^ , ~ 1 ' Q (R 2m ). (20) 

By Fatou's Lemma 

||V 2 t>|| Lm(R 2 m) < liminf ||VV|U»>(n») < C. (21) 

By Theorem [Lj] and PU]) . v is a polynomial of degree at most 2m — 2. Then 
(f2"U|) and (l2"Tj) imply that w is constant, hence i> = v(0) = 0. Therefore the limit 
does not depend on the chosen subsequence (vk>), and the full sequence (v k ) 
converges to in C^ _1 (R 2m ), as claimed. 

When m — 1 , Pizzetti's formula and (|14p imply at once that, for every 
i? > 0, Hv/cIIl^Br) — > 0, hence Wfc — > in W 2,p (-B fl / 2 ) as A; ^ oo, 1 < p < oo. □ 

Now set 

r\ k {x) := w/c(a;fe)[Mfe(r fe x + x k ) - u fe (a; fc )] + log2 < log 2. (22) 
An immediate consequence of Lemma [3] is the following 
Corollary 4 The function rjk satisfies 

(-An^^e 2 ™*, (23) 

where 

V k (x) = 2 m( - 1 ~^(2m - l)\u k (x) -> (2m - 1)!, a fc = i(B fc + 1) -> 1 

Lemma 5 for every 1 < £ < 2m — 1, \7 e u k belongs to the Lorentz space 
L (2m/t,2)(ty and 

||VV||( 2m /A2) < & (24) 
Proof. We first show that //. := (— A) m Ufc is bounded in L(logL)^(f2), where 

L(logi) a (n) := j/GL 1 ^) : ||/|| i( io gi )<* := jf |/| log Q (2 + |/|)dx < oo}. 

Indeed, set log + t := max{0, logi} for t > 0. Then, using the simple inequalities 
log(2 + t) < 2 + log+ t, log+ (is) < log 4 " < + log+ s, t, s > 0, 
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one gets 

log(2 + X k u k e m <) < 2 + log+ A fe + log+ u k + mu\ < (7(1 + u k f . 
Then, since f k > 0, we have 

\\h\\ L{logL)i < J n Mo g i(2 + fk )d X 

< c[ \ k u 2 k e mUk dx + C\VL\ < C 

by ©, as claimed. Now fH} follows from Theorem [TD] □ 

Remark. The inequality (|2"i|) is intermediate between the L 1 and the LlogL 
estimates. Indeed, the bound of f k := (—A) m u k in L 1 implies ||V Ufc||ip < C 
for every 1 < i < 2m — 1, 1 < p < ^r, and actually || \7 e u k \\(2m/e,oo) < C 
(compare [Hel, Thm. 3.3.6]), but that is not enough for our purposes (Lemma 
[5] below). On the other hand, was f k bounded in L(logL), we would have 
||V^Ufc||(2 m /f,i) < C, which implies < C (compare [Hel, Thm. 3.3.8]). 

But we know that this is not the case in general. 

Actually, the cases 1 < I < m in (|2~l|) follow already from (fT2"f and the 
improved Sobolev embeddings, see (O X . What really matters here are the 
cases m < £ < 2m. In fact, when m = 1 Lemma [5] reduces to ([Tj 



The following lemma replaces and sharpens Proposition 2.3 in [RS| . 
Lemma 6 For any R > 0, 1 < £ < 2m — 1 there exists ko = ko(R) such that 

u k (x k ) I \V'u k \dx <C(Rr k ) 2m - e , forallk>k . 

J B Rrk (x k ) 

Proof. We first claim that 

||A"> 2 fe )|| il(n) < C . (25) 

To see that, observe that 

2m-l 

\A m (u 2 k )\ < 2u k (-A) m u k + C |VV||V 2m "V|. (26) 

e—i 

The term 2u k (— A) m u k is bounded in L 1 thanks to {2}. The other terms on 
the right-hand side of (j2"6"]) are bounded in L 1 thanks to Lemma and the 
Holder- type inequality of O'Neil [O'Nj R Hence (J25J) is proven. 

Now set fk ■= (— A) m (uf.), and for any x € f2, let G x be the Green's function 
for (— A) m on £1 with Dirichlct boundary condition. Then 

u t( x ) = / Gx{y)fk(y)dy. 

Thanks to [DATA Thm. 12], \V e G x {y)\ < C\x - y\- e , hence 

\V e (ul)(x)\ < [ \ViG x (y)\\f k (y)\dy<C [ j^%dy. 

Jn Jn F - V\ 



3lf ? + V = \ + ¥ = x ' and / e L(p ' q) ' 9 e L(pV> ' then H^Hi 1 ^ H/H(P,«)ll9ll(p', 9 ')- 
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Let u k denote the probability measure n4%^ dy. By Fubini's theorem 

IIj'=IIl 1 (Q) 

\V e (4)(x)\dx < C||/ fc || L1(0) / f —L-dn k (y)dx 

B a ,, k (x k ) JB RTk (x k ) JO, F - D\ 

< C - — ^—r^dxdfikiy) 
Jn JB Rrk (x k ) \ x ~ V\ 



< Csup / ■ - t dx<C{Rr k f m - i . 



1 

yenJ BRrk (x k ) \x - y\ r 

To conclude the proof, observe that Lemma [3] implies that on Bu rh (x k ), for 
1 < £ < 2m — 1, we have r l k W l u k — ► uniformly, hence 

/ l ~ 1 

u k (x k )\V e u k \ < Cu k \V e u k \ <C( |V £ (^)|+^|V J u fc ||V £ -^ fc 

^ 3=1 

< C|V f (ufc)l + o^), as fc -> oo. 
Integrating over Bji rk (x k ) and using the above estimates we conclude. □ 



Proposition 7 Let r\ k be as in (|22l) . Then, up to selecting a subsequence, 
r) k (x) -> = log ^ *n Cf™" 1 (R 2m ), end 

lim lim / \ k u k e mv *dx = lim (2m -1)!/ e 2roj) °<£c = A x . (27) 

R ~' ook ^ ca J B RTk {x k ) ' R ^°° Jb r (0) 

Proof. Fix i? > 0, and notice that, thanks to Lemma [3] and (|2lf|) . 

^e 2m °'*(li = / u fc (aj fc )u fc A Jk e mu ida: (28) 

Br(0) JB Rrk {x k ) 

< (1 + 0(1))/" u 2 k X k e m <dx < A + o(l), 

JB Rrk (x k ) 

where Vfc and are as in Corollary fJl and o(l) — ► as fc ^ oo. 
Step 1. We claim that r) k -» ?j in C£™ _1 (R 2w ), where 77 satisfies 

(-A) m 7? = (2m- l)!e 2m77 . (29) 

Then, letting i? — > oo in (|2"8")l . from Corollary 0] and Fatou's lemma we infer 
e 2m7? G L^R 2 '™). 

Let us prove the claim. Consider first the case m > 1. From Corollary EJ 
Theorem 1 in |Mar2j . and ([28]) . together with r\ k < log 2 (which implies that 
oi = v m Theorem 1 of |Mar2j ). we infer that up to subsequences either 

(i) n k -> lj in C^~ 1 (R 2m ) for some function rj G C££ _1 (R 3m ), or 

(ii) ?7fc — » — oo locally uniformly in R 2m , or 

(iii) there exists a closed set So ^ of Hausdorff dimension at most 2m — 1 
and numbers (3 k — > +oo such that 

^-^inC 2 ™- 1 ^ 2 "^), 
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where 

A"V = 0, (p<0, <p^0 onM 2m , <^ = OonS* . (30) 

Since ?7fc(0) = log 2, (ii) can be ruled out. Assume now that (iii) occurs. From 
Liouville's theorem and (fSU|) we get Aip ^ 0, hence for some R > we have 
f B \A<p\dx > and 



lim / \Arjk\dx — lim / |Ay|da 
k ~*°°JB R k ^°° J Br 



-oo. (31) 



k- 

On the other hand, we infer from Lemma [5] 

/ l^rjkldx ^ u k (x k )r e - 2m [ \V e u k \dx<CR 2m - e , (32) 

J B R JB Rrk {x k ) 

contradicting (|3ip when I = 2 and therefore proving our claim. 

When m = 1, Theorem 3 in [BMj implies that only Case (i) or Case (ii) 
above can occur. Again Case (ii) can be ruled out, since r]k{0) — log 2, and we 
are done. 

Step 2. We now prove that r\ is a standard solution of (|29|) . i.e. there are A > 
and x e R 2m such that 

^ x) = l0g TTW^ - (33) 



For to = 1 this follows at once from |CL| . For to > 1, if 77 didn't have the form 
(f3"3"l) . according to Marl] Thm. 2] (see also [Lin] for the case m = 2), there 
would exist j£N with 1 < j < m — 1, and a < such that 

lim (— A) J rj(x) = a. 

\x\^oo 

This would imply 

lim / \A j r) k \dx = l»l ' vol(5i(0))i? 2m + o{R 2m ) asR^oo, 
k ^°° Jb r {q) 

contradicting (p?2"|) for I = 2j. Hence (l3"3"|) is established. Since r] k < T) k (0) = 
log 2, it follows immediately that Xq = 0, A = 1, i.e. rj = 770, and l(2*7|) follows 
from (IT] ) . ([28 jl and Fatou's lemma. □ 

2.2 Exhaustion of the blow-up points and proof of Theo- 
rem [T] 

For £ S N we say that (£Zf) holds if there are I sequences of converging points 
%i k — * 31 ) 1 < * < ^ such that 



supA fe i? 2 ^(a;)^(a;)e m ^ (:c) < C, (34) 



where 



Re,k( x ) '■= inf l x _ ^i.kl- 

l<i<£ 

We say that (£^) holds if there are I sequences of converging points x^k — > a;W 
such that, if we define r,-^ as in (J3J), the following hold true: 
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(E\) For all 1 < i ^ j < 



dist(x it k,dQ) \xi,k~Xj,k\ 
lim : = oo, lim 



(Ej) For 1 < i < £ (gl) holds true. 

(Ej) limR-^oo limfe^oo Xu| =1 s Rr . k ) ^ku\e mu ^dx = Ik-y. 

To prove Theorem [T] we show inductively that (Hi) and (Ei) hold for some 
positive / eN (with the same sequences Xi^ k — > x"\ 1 < i < I), following the 
approach of AD\ and [RSj . First observe that (E\) holds thanks to Lemma [2] 
and Proposition [7] Assume now that for some t > 1 (£^) holds and (Hi) does 
not. Choose 2^+i,fc S f2 such that 

A fe i?^(x, +1 , fe ) U ^(x, +1 , fc )e" m ' ( ^ +1 - fc) = A fc maxiZ^e™* -» oo as fc -f oo 

(35) 

and define r^+i^ as in ([3]). It easily follows from ([3"B"|) that 

lim l^+i-fc-^l = 0O; \<i<t. (36) 

Moreover, thanks to (Ef) and |33|) . we also have 

\%t+l,k - x i,k\ , 1 , . . 

lim ! ! — = oo tor 1 < ! < t. 

We now need to replace Lemma [2] and Lemma [3] with the lemma below. 
Lemma 8 Under the above assumptions and notation, we have 

lim gg^Jlgj) = oo (37) 

and 

u fe (a;^ + i,fe + n+i,kx) - u k (x t+ltk ) -> in Cf^~ 1 (M 2m ), as k -> oo. (38) 

Proof. To simplify the notation, let us write := x^+i^ and := r^+i,fe. 
Evaluating the right-hand side of (|35[) at the point y k + p k x we get 

( inf \y k - x iik + Pk x\ 2m )ul(y k + p k x)e m <^+P^ 

\ l<i<£ J 

< ( inf \vk-Xi, k \^)ul(y h )e™Z<-y>K 
Hence, setting Tig + i^ k (x) := Uk ^^) X ^ ' we nave that 

55 , faik^^^^+i^W- 1 ) < inf i<'<^l^"^.fc| 2m i , o(1) (oq\ 

U ^ k(x)e ~ inf^t \y k - Xi , k + Pkx\*™ + ^ 
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where o(l) — > as k — > oo locally uniformly in a;, as (I36[) immediately implies. 
Then (|37|1 follows as in the proof of Lemma since implies 

o2m/o _ 1 M 2 —2 

(-A) m u m , fc = 1 2 , , >- u e^y^t+i.k-V = (i), (40) 

where o(l) — » as fc — >oo uniformly locally in R 2m . 

Define now Vk(x) := Uk(xi+\^ k + f£ + i^x) — Uk(%t+i,k)> and observe that 
Uk{yk + Pfc^c) - > cxd locally uniformly in R 2m , 



thanks to (|35j) and (|36|) . This and (|40|) imply that we can replace (fT4f in the 
proof of Lemma [3] with 

—2 

(-A)" 1 ^ = 2 2m (2m - 1)! . k e mu2 M& 2 e+1 , k -i) ^ o in L,~(R 2m ). 

Uk{yk + Pk-) 



Then the rest of the proof of Lemma [3] applies without changes, and also 
is proved. □ 

Still repeating the arguments of the preceding section with x^+i t fc instead of 
Xk and r^+i,fc instead of r^, wc define 

% + i,fc(a;) := u i (.(a;< + i ) fc)[ufc(r^ + i i fca; + x&fi,k) - Uk(xt+i,k)], 

and we have 



Proposition 9 Up to a subsequence 

2 

l + b 



%+i,k(z) - »»(ar) = log *n CfJT 1 '" (M 2m ) 



lim lim / \ k u 2 k e mu2 *dx= lim / e 2m "Va; = Ai. (41) 

Summarizing, we have proved that {E\ +1 ) : (Ef +1 ) and (|4"Tj) hold. These also 
imply that x ) holds, hence we have (Ei + i). Because of @ and (Ef), the 
procedure stops in a finite number I of steps, and we have (Hi)' 

Finally, we claim that Afc — > implies Uk — v in H m (Jl). This, {5]) and 
elliptic estimates then imply that 

Ufc ^0 in Cf o r 1,a (n\{^,...,xW}). 

To prove the claim, we observe that for any a > 



/ |A m it fe |diE = / \ k u k e mu2 "dx 
Jo. Jn 



< — j u 2 k e m <dx + Xk [ u k e m <dx 

a J{xen-.u k >a} J{x£Q:u k <a} 
< h XkC a , 

a 
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where C a depends only on a. Letting k and a go to infinity, we infer 

A m u k -40 in L x (fi). (42) 

Thanks to (fT2"|) . we infer that up to a subsequence u k — * uo in H m (U). Then (j4"2"|) 
and the boundary condition imply that mo = 0, in particular the full sequence 
converges to weakly in H m (VL). This completes the proof of the theorem. 

Appendix 

An elliptic estimate for Zygmund and Lorentz spaces 

Theorem 10 Let u solve A m u = f G L(log£) Q in with Dirichlet boundary 
condition, < a < 1, Q C W bounded and with smooth boundary, n > 2m. 

Then V 2m - l u G (Q), 1 < £ < 2m - 1 and 

ll v2m "^ll(_^i) <C||/|U(i„ g L)«. (43) 

Proof. Define 

? / / in n 

1 " \ in R n \n, 
and let w := K * /, where K is the fundamental solution of A m . Then 
|V 2m - 1 tfl| = |(V am - 1 if)*/|<CIi*|/| > 

where h{x) = Ixl 1 "". According to 0531 Cor. 6.16], IV 2 " 1 ^! G l(^'«)(K") 
and 

ll v2 " l ~ lw ll(^ i) < C\\f\\ HXo zL)° = C\\f\\ L(losL)a . (44) 

We now use (pf4"|) to prove (|43|) . following a method that we learned from [Hel]. 
Given g : O — > M n measurable, let u 9 be the solution to A m v g — div g in f2, with 
the same boundary condition as u, and set P(g) := |V 2m_1 u g |. By LP estimates 
(see e.g. |ADNj ), P is bounded from L P {Q,\ R n ) into D>(Q.) for 1< p < oo. Then, 
thanks to the interpolation theory for Lorentz spaces, see e.g. [Hell Thm. 3.3.3], 
P is bounded from Z>«) (fi; M n ) into Z>'«)(n) for 1 < p < oo and 1 < g < oo. 
Choosing now <? = VA m ~ 1 w, we get w g = u, hence |V 2m_1 u| = P(VA m_1 w), 
and from (|44l we infer 

ll v2m " lu ll(^i) < C'||VA'— 1 W || ( ^ T ^ ) <C||/|| L(logL) «. 
For 1 < I < 2m - 1 ([35)1 follows from the Sobolev embeddings, see |Q'N| . □ 

Other useful results 

A proof of the results below can be found in Marl . The following Lemma can 
be considered a generalized mean value identity for polyharmonic function. 
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Lemma 11 (Pizzetti [Piz]) Let u e C 2m (B R (x )), B R (x ) C R™, for some 
m,n positive integers. Then there are positive constants Ci = Cj(n) such that 



for some £ € B r (xq). 

Proposition 12 Let A m h = in B 2 C R™. For every < a < I, p G [1, oo) 

and £ > i/iere are constants C(i,p) and C(£,a) independent of h such that 



A simple consequence of Lemma [TT] and Proposition [T^] is the following 
Liouville-type Theorem. 

Theorem 13 Consider h : R™ -» R wrf/i A m /i = anrf < C(l + \x\ e ) for 
some £ > 0. TTien h is a polynomial of degree at most max{£, 2m — 2}. 
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